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1. Abrt rac t  
_I.- . 
ii A model reduct ion  method f o r  d i r c r e t e  b i l i n e a r  ryr temr i n  developed which u t c h e r  q ret*  of Volterra and covar ianre  parameterr .  There parameterr are rhuun t o  reprerent  both d e t e r m i n i r t i c  
and r t o c h a r t i c  a t t r i b u t e r  of t h e  d i s c r e t e  b i l i n e a r  r y r r r .  A reduced ordrr model vhich  MtCher  
t h e m  q re t r  of p a r a a e t e r r  l a  def ined  t o  be a q-Volterra  covar iance  y u i v a l r n t  5 ; . d l t a t i o n  (4- 
Volterra COVER). An 8 l g O r i t h  i r  presented which c o n r t r u x  a c l a r r  of q-Volterra  COVER* I 
p a r w t e r i z e d  by r o l u t i o n r  t o  a H e m i t i a n ,  quadra t ic ,  matrix equat ion.  The aIgori thm i r  appl ied 
t o  a b i l i n e a r  model of A robot manipulator .  
~ ..-.*' 
2. Inroduct ion  
While model reduct ion  of l i n e a r  ryrtems has been e x t e n s i v e l y  rerearched over t h e  p a r t  few year r ,  l i t t l e  work 
h a r  been done i n  t h e  a rea  of model reduct ion f o r  n o n l i n e a r  systemr. One c l a r s  of nonl inear  ryrtemr which is 
e r p e c i a l l y  appeal ing are b i l i n e a r  r y s t e u r  ([11-[4]). l i n e a r  
i n  the  cont ro l  variable., but nonlinear i n  t h e  rtate and c o n t r o l .  One reason t h a t  t h i r  c l a m  i r  of i n t c r e r t  is 
c h a t  nonlinear a y s t m s  uhich are l i n e a r  i n  the cont ro l  var iable .  can be accura te ly  approximated by b i l i n e a r  
w d e l r  ( [ 5 ] , [ 6 ] ) .  Bil inear  approximatlonr  vi11 i n  general have a higher  order than  t h e  o r i g i n a l  nonlinear ryr tem 
and e f f e c t i v e  means €or reducing b i l i n e a r  d e l r  are needed. 
B i l i n e a r  rystemr are l i n e a r  i n  t h e  r t a t e  var iab ler ,  
Most approacher to model r e d u c t i o n  of l i n e a r  r y r t c a r  have a t r i v e d  to  prererve  or approximate 8 c e r t a i n  
c h a r a c t e r i z i n g  property of t h e  f u l l  order  model. For d c t e n n i n i r t l c  r y r t e n r  t h i s  proper ty  i r  t y p i c a l l y  t h e  
impulse response sequence or t h e  system Hankel matrix (8.g.. [7] - [10] ) .  W e 1  r e d u c t i o n  of l inear r t o c h a s t l c  
systems u s u a l l y  involves  the output  covariance requence or t h e  correrponding Hankel w t r i x  (a.g., (111 and [121). 
A model reduct ion  technique which c o n r i d e r r  both d e t e n a i n i r t i c  and r t o c h a r t i c  p r o p e r t i e r  has  alro  been developed 
( [  13] - [  I S ] )  and t h e  r e r u l t i n g  reduced order  model. have been ca l led  q b r k o v  COVER. (covariance Equiva len t  - r e a l i z a t i o n s ) .  The model reduct ion  probleu €or d i s c r e t e  b i l i n e a r  s y r t c u  har  r e c e n t l y  rece ived  awe a t t e n t i o n .  
Hsu e t  a1. I161 develop a method €or d e t e r m i n i s t i c ,  d i s c r e t e ,  bilinear r y r t a r  using a genera l ized  Hankel matr ix .  
Dcrai has proposed an approarh t o  s t o c h a s t i c  d e l  reduct ion  based on h i r  r e a l i z a t i o n  theory  ( [ I ? ] ) .  
I n  t h l s  paper M develop a model reduct ion a l g o r i t h  analogous t o  t h e  q b r k o v  covariance equiva len t  
realization approach for l i n e a r  r y r t m r .  The a lgor i thm producer J c h a r  of reduced o r d e r  d e l r  vhlrh e x a c t l y  
match a s p c r i f i e d  number of d e t e r m i n i s t i c  and r t o c h a r t i c  parameters .  Thir c l a r r  of reduced order  models is 
p a r u e t e r i z e d  by the  s o l u t i o n r  t o  a Hermitian, quadra t ic .  r t r l x  equation. Scctlon 3 prearnto the d c t e r a l n i s t l c  
and s t o c h a s t i c  a t t r i b u t e s  of a b i l i n e a r  r y r t a  which we will p r e r e r v e  in our w t h o d  and d e f i n e r  a 9-Volcerra 
covar iance  ~ u i v a l e n t  r e a l i z a t i o n .  Next, i n  section 4 t h e  d e l  reduction algori thm ir  out l ined .  In s e c t i o n  5 d 
parameter iza t ion  of reduced o r d e r  d e l 8  which match q Volterra pararterr and q covar iance  parameters i a  
formulated.  Section 6 c o n t a i n s  an a p p l i c a t i o n  of t h e  propored algorithm t o  a two degree  of freedom robot  
manipulator .  h e  Zinal s e c t i o n s  a r c  our concluding remarks, acknowledgaent r  and reference.. 
3 .  -1 t e r r a  Covariance Equiva len t  R e a l i z a t l o n r  
Consider  the tine i n v a r i a n t  d i s c r e t e  b i l i n e a r  system 
where A and Ni , i l l  ...., n The 
s t a t e  a r e  s c a l a r ,  zero mean. independent Cuassian v h i t e  no ise  
processes  v i t h  Eu ( j ) u , ( k )  - 6 and f o r  J k ,  Ex( t )u , ( j )  - 0. The output  y(.) is a n  n * I .  zero mean, 
s t a t i o n a r y  s t o c h a s t i c  process. We assume t h a t  the  b i l i n e a r  system driven by u n i t  i n t e n s i t y  Cuassian white no ise  
is s t a b l e  i n  t h e  sense t h a t  t h e  s t a t e  covariance 
a r e  n xnx matr ices .  bi, 1-1 ,.... n a r e  n X I  matrices  and C is an n xn matrix. 
Y X  
v e c t o r  x ( . i  is nxxI, t h e  i n p u t s  ui(.),  i=l,...,n 
i J k  Y 
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i o  finit.. It u n  be s h m  t h a t  for t h e s e  input  proceaaer  t h e  atate covariance vi11 a a t i r f y  the bi l inear  L i ~ p m o ~  
aqua:ion 
X - M A *  + I I xI1* + BB* , B 4 bl ... .,d 1 . 
1-1 U 
We a l a o  u a u y  that there are M redundant inputs  or output. (B h.0 l i n e a r l y  independent  colmw md C b.0 
1in.arly indepondrnt rows). 
R u b e r t i  8t a. [SI define t h e  product for an ax1  v e c t o r  a and an r x l  v e c t o r  b and t h e  product 11 for . an 
mxnr matria L and an nxr u t r i x  X by 
They a l a o  e s t a b l i s h  t h e  following i d e n t i t y ,  
With t h r o e  d d i n i t i o n s  ( I )  becomer 
and ( 3 )  MY be a p r a m e d  as 
x - AXA* + (NOX)N* + BB* , N 4 N~ ... N, 1 . 
U 
The zero i n i t i a l  g t 8 t e  response of t h e  b i l i n e a r  system ( 5 )  is an i n f i n i t e  V o l t e r r a  series [ & I .  This seriea 
in r e g u l a r  form is found to  be 
k i l - I  
y ( k )  = L CA Bu(k-i B ~ ~ ( k - i , - i ~ ) * u ( k - i ~ ) 1  + 
il'l 
k k-i3 k-i -i 
t E  
2 3 i 3 - I  i2-1 i l - l  
t CA N O A  N o A  B[u(k-i -i -i )*u(k-i2-i3)*u(k-i,)] + ... 1 2 3  i y l  i f 1  il'l 
where l d e n t i t y  ( I )  has been used repea ted ly .  The matrix valued func t ion  i n  each of t h e  s-tioar iB c a l l e d  a 
V o l t e r r a  kern8l .  the j t h  V o l t e r r a  kerne l  i n  regular form is then 
where 1 31. W I , . . . . ~  and t h e  mat r ix  N occurs  a a c t l y  1-1 timer. The s t e p  rerponae. u(k)-ln f o r  all Lu), is m 
U 
k k k-ij  k-i2.. .-1, 
y(k)  - C I: C ... L h J ( i , * i , - l ~ * - * * i l ) l  
J-I i -1  i i l = l  -J 
J j-1-1 U 
vhere  1 is a column v e c t o r  of one* v i t h  m elements. We s h a l l  c a l l  the  c o e f f i c i c n t a  i n  t h e  s t e p  response t h e  
J V o l t e r r a  parameters of t h e  b i l i n e a r  system ( 5 ) .  The V o l t e r r a  parameters of t h e  j t h  V o l t e r r a  i e m e :  3re n =n 
Y U  
mat r icca .  We define t h e  sat of qth o r d e r  Volterra  parameters  a s  those  c o c f f i c i e n t r  in which t h e  = t r ices  A a d  N 
occur  a t o t a l  of q times. For example. 
I 
v2 2 { CA'B , CMUB , CNOAB CNONOB 1 . 
We now see t h a t  the s t e p  response  is completely c h a r a c t e r i z e d  by t h e  s e t s  of V o l t e r r a  parameters .  Ye also observe 
t h a t  f o r  each k a new set of V o l t e r r a  parameters e f f e c t s  t h i s  response. That is. i f  a reduced order mdel  matches 
t h e  first q s e t s  of V o l t e r r a  parameters  of the  f u l l  o r d e r  model then  i t  vi11 a l s o  match t h e  s t e p  response for 
k-0.1.. . . .q+l . 
In a d d i t i o n  to  V o l t e r r a  parameters  we a r e  concerned w i t h  a covariance sequence f o r  t h e  bi l inear  s y s t e m .  
Desai I 1 7 1  AnJ Frarho [ l e )  u t i l i z e  a covariance sequence which includes both second moments of the m t p u c  and 
h i g h e r  momenta between t h e  o u t p u t  and input  processes in t h e i r  b t l i n e a r  s t o c h a s t i c  r e a l i z a t i o n  theories. We also 
346 
uoe t h l r  type of requence.  i n  p a r t l c u l a r  t h e  acquence of  conce rn  is 
%(O) 4 Ey(k)y*(k) - Q(C* 
R I ( I )  4 Ey(k+l)y*(k) - CAXC* 
R1(O,O) 2 Ey(k+ l ) Iy (k )  u ( k ) l *  - CNoXC* 
R2(2) 2 Ey(k+Z)y*(k) - CA2XC* 
R,(O.l) 4 Ey(k+Z)[y(k) u (k+ l ) ]*  - CNnAXC* 
RZ(I,O) 2 Ey(k+Z)[y(k) u ( k ) l *  - CANOXC* 
R z ( O , O . O )  4 Ey(k+Z)[y(k) u(k)  u(k+I)] '  - CNONaXC* 
whore  t h e  r u b r c r l p t  i n d i e a t e r  t h e  t o t a l  number of o c c u r r e n c e r  of  A and N,  and t h e  i n t e g e r s  i n  p a r e n t h e r i s  
r e p r e e e n t  t h e  powerr of  A from l e f t  t o  r i g h t .  A t y p i c a l  e l emen t  of t h e  r equence  ir  t h e n  
R j  - 1 + i + i - + . . . +i ( ij * 'J -1 * - 1 1 1 ) 1 
Ey(k+ j - l+ i j+ i j - l+ .  . . + i l l  I y(k)*u(k+il  )*u (k+ l+ iz+ i ,  I* . .  . * ~ ( k + j - Z + i ~ _ ~ + .  . . + i l ) ] *  
( 8 )  - CA ' N o A  j-' N.. .NoA XC . 
A r  with the V o l t e r r a  pa rame te r r  we s h a l l  d e f i n e  t h e  ret of  qth o r d e r  c o v a r i a n c e  p a r a m e t e r s .  Pq , as chore 
c o v a r i a n c e r  i n  v h l c h  t h e  nrtricee A and N o c c u r  a t o t a l  of q t i n e a ,  t h a t  is t h e  set af second  o r d e r  c o v a r i a n r r  
p a r m e t a r s  i r  
i l  I i  
R2 { CA2XC* , CNOAXC' , CANaXC* , CN(JNaXC* ) . 
T h e s e  ;eta of c o v a r i a n c e  p a r a m e t e r s  c o a p l e t e l y  c h a r a c t e r i z e  t h e  a c o c h a s t i c  b i l i n e a r  ayatem. I t  1s w r t h  n o t i n s  
t h a t  i f  a reduced o r d e r  model matcher  t h e  f i r s t  q s e t a  of c o v a r i a n c e  p a r a m e t e r s  of t h e  f u l l  o r d e r  model i t  w i l l  
a l r o  match u a c t l y  t h e  mean s q u a r e  v a l u e  of t h e  o u t p u t  and a11 o u t p u t  end i n p u t  c o r r e l a t i o n s  up t o  q a t e p r  i n  
t i m e  . lcrl 
Conrider now a r edured -o rde r  b i l i n e a r  model 
X R ( k * I )  - %xR(k) + NR[xR(k) u ( k ) l  + BRu(k) 
YR(k) - CRxR(k) (9) 
w h e r e  xR(. )  is a n  n rx l  v e c t o r .  nr < %, yR(.) La a n  n 1 1  vector .  and %, NR, BR,  CR a p p r o p r i a t e  
d imena ionr .  In a d d i t i o n .  w e  a s s m e  t h a t  t h e  s t a t e  COvari8nCC XR of t h e  reduced model d r i v e n  by zero cean 
C u a a a l a n  white  noiee is t h e  un ique  p o s i t i v e  d e f i n i t e  s o l u t i o n  t o  
a r e  m a r c i r e s  of 
Y 
xR - ~ R X ~ A ;  + ( N ~ C I X ~ I N ;  + . (10) 
We now d e f i n e  a p a r c i r u l a r  t y p e  of r edured  o r d e r  r o d e l  for d i s c r e t e  b i l i n e a r  ayetems. 
D e f i n i t i o n :  The redured o r d e r  model ( 9 ) .  w i t h  s t a t e  r o v a r i a n r e  X s a t t s f y i n g  (IO) is 3 9 - V o l t e r r a  COVarianre 
E q u i v a l e n t  R e a l l r a t t o n  ( q - V o l t e r r a  COVERI'of t h e  b i l i n e a r  syetem ( 5 )  whenever 
R -- 
v - V i '  i=O.l,..., q-1 
RI 
ar?d 
SI Ri, i-0, I , .  . . .q-1 
w h e r e  V and % d e n o t e  the sets of ith o r d e r  V o l t e r r a  and c o v a r i a n r e  pa rame te r s  of t h e  reduced o r d e r  model, 
r e s p e c t i b e ~ y .  i 
An a l g o r i t h m  which c o n a t r u r t s  t h e  q - V o l t e r r a  COVEKe of a f u l l  o r d e r  model Is o u r  main o b j e r t i v r .  One surh 
a l g o r i t h m  is p r e s e n t e d  n e x t .  
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QO 
Ql 
0 9  1 , Q,, i C , Qi 0 
99-1 
A# a consequence of t h e  q u a d r a t i c  f o r a  and u s i n g  t h e  Liapunov e q u a t i o n  ( 6 )  i t  1omedLatcly f o l l o v s  t b ? t  t h e  
s p a c e r  of t h e s e  matrices are 
r r q  
( N o X ’ ’ 2 )  1 )  ( 1 4  R ( D q )  - R ( [  (NOX’’’) B 1)  , R($) - R([ AX 
and it  is obv ious  t h a t  R(6 ) 1s c o n t a i n e d  in R ( D  q ). 
9 
Q1-lA 
Ql-INI 
(11 * i-1 I..., q-1 . 
Qi-INnU 
We now compute a f u l l  rank f a c t o r l t a t l o n  of D 
. *  q 
D - PAP 
9 
9 
N1 
pi  
P -  - , P i  - 
(I!  
, 1-1,. . . , q - I  ( I  
3nd d e t l n e  new m a t r i c e s  
The ma t r ix  G is ( n  +1)4-1n 8 ( n u + l ) r  dnd Lt must be d e t e r m i n e d  surh t h a t  
Y 
5 - P%A , - dlag(A)nUtI  . 1 
v h e r e  T is a block d i a f o n a l  m d t r i x  u i t h  “,+I b locks.  
Theorem 1 :  
t h e  r adu ied  o r d e r  model [ A  ,N , 8  ,C .X ) of o r d e r  nr d e f i n e d  by 
Given  t h e s e  c o n s t r u c t i o n s  u e  now s t a t e  our m a i n  r e s u l t .  
Given a d i s c r e t e  b l l i n e a r  system {A ,N .B .C .X I  and a m a t r l x  C i n  (17 )  s u c h  t h a t  (18) is s a t i s f i e d  C l  -- 
R H R K H  
( :  
b b 
I A~ N H  1 P+T , B~ P+O B , cR - p0 , xR 4 A , nr - r 9 
v h e r e  r ,  P. A a r e  from t h e  f u l l  rank decompos l t ion  of D (IS), Po is from t h e  p a r t i t i o n  of P ( 1 6 ) .  and 
9 sattsfleci  ( 1 8 ) .  !s a 1 - V o l t e r r a  COVER. 
--- P r o o f :  F i r s t  we w i l l  show t h a t  P t s  t h e  gCh o b s e r v a b l l i t y  m a t r i x  of t h e  reduced o r d e r  model (19 ) .  UslNI  
348 
d e c o m p o r i t i o n r  (15) .  (18) and t h e  range apace  d e r c r i p t i o n r  ( 1 4 )  w f i n d  t h a t  i a  in t h e  range apace  o f  P 10 t h a t  
(19) l c d r  t o  
'0 - 'R S pi - 
PI AR NR 1 
which i m p l i e r  t h a t  t h e  p a r t i t i o n r  of P have t h e  r e q u i r e d  r t r u c t u r e  (11 )  
pi-l%t 
'I-INR, 
I i l l , . . . ,  q-I . 
'i-INRn 
U 
To rhow t h a t  t h e  r educed  order d e l  r a t l a t i e r  t h e  b i l i n e a r  Liapunov e q u a t i o n  w e  f i r r t  r u b r t i t u t e  (19) i n t o  (IO) 
whlch I e r d r  t o  
* 
A - PWP+ + P + O ~ B B  * * +  oqe . 
Uring ( 1 2 ) .  (13 ) .  ( I S ) ,  (18 ) .  and by p r e  and post m u l t i p l y  by P and P*, r e s p e c t i v e l y ,  we have  
* +* 
pp+o uA*o*P+*P* + pp+o ( N O X ) N  o p p* + pp+o BB*o*P+ P* . oqxo; 
q q  9 9 q q  
Now u r i n g  t h e  p r o j e c t i o n  p r o p e r t y  of PP+ we f i n d  t h a t  
oq(x - MA* + (NOX)N* + B B * ) O ~  
which i o  known to  be s a t i r f i e d  ( 6 ) .  To show t h a t  t h e  model (19) matches  V o l t e r r a  pa rame te r s  we wain u r c  t h e  
p r o j e c t i o n  p r o p e r t y  
and t h e  ma tch ing  of r o v a r i m c e  p a r a m e t e r s  fo l lowa  d i r e r t l y  from ( 1 2 ) , ( 1 5 )  
0 x o *  - PAP* * 0 xo* . 
qu It qu 9 q  
I 
Our remainin# cask  is t o  d e t e r m i n e  t h e  unknown m a t r i x  C in ( 1 7 )  in order t o  satisfy (18). T h i s  is t h e  t o p i c  
of t h e  nex t  s e c c l o n .  
5 .  P a r s m e t e r i z a t ~ f  q -Vol re r r a  COVERs 
- 
To o b t a i n  a c h a r a c t e r i z a t i o n  of t h e  m a t r i x  C we f i r s t  examine t h e  s t r u r t u r e  of t h e  matrices and P. We 
9 o b s e r v e  t h a t  b, r a n  be p a r t i t i o n e d  as 
and t h a t  t h e  p a r t i t i o n e d  farm of t h e  c o n s t r a i n t  (18 )  l e a d s  to  t h e  t h r e e  relations 
F B *  - , PTC* - d , C%* - ( 2 1 )  
- q-1 q qq * 
The r i r s c  r e l a t i o n  is s a t i s f l e d  by v i r t u e  of t h e  c o n s t u c t i o n  0 2  of 7 (17 ) .  I t  1s e a s i l y  s e e n  chat d 1s 
q 
c o n t a i n e d  i n  t h e  r ange  s p a r e  of F so chat t h e  serond relation is c o n s i s t e n t  and C* may be e x p r e s s e d  3s (1191)  
c* - T~-'CF+J + ( I  - F+F)Y) ( 2 2 )  
q 
where Y is an  unknown m a t r i x  w i t h  d tmens ion  (n + l ) r x ( n  + l )q - ' n  
c h a t  Y must s a t l 9 f y  t h e  Hermi t i an .  q u a d r a t l c ,  matrix equac lon  
S u b s t l t u t l n g  f o r  C i n  t h e  l a s t  r e l a t i o n  w e  f i n d  
Y'  
Y*KY + L*Y + Y4L + Y - 0 ( 2 ' ) )  
( L b )  
By l n a p a r t l i n  w e  see c h a t  the m a t r i x  K is nonneqaclve d e f l n l t e .  and chat t h e  columns of t h e  l a c r i x  L a r e  
r o n t a l w d  I n  t h e  ranCe s p a c e  of K. Baled on t h e s e  o b s e r v d r l o n q  uc now s t a t e  a chrorrm u h i r h  i s  s o c l v r t e d  by d 
renu1 t of Cronc [Zn]. 
z 4 (I - F+F)T'(I  - F+F) - K* , L i ( I  - F+F)T'F+Z , ! < F +  T'F+Z, - zqq - Y* . q 
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Th8or.l 2: 
i n  t h e  range a p a c e  of K and N an nxn k r m i t i a n  matrix. Then t h 8  matrix e q u a t i o n  
Let K ba an mm nonnega t ive  d 8 f i n i t e  v t r i x  w i t h  rant t. L a n  nxn u t r i r  vho.8 columna ar8 
Y*KY + L*Y + Y*L + n - o 
contaiaa 
' (25: 
ham r o l u c t o n  i f  and o n l y  i f  
L*K+L - n > 0 and rant(L*K*L - n) - r t - rank(K) . (26: 
wh8re K1I2 l r  t h e  unique nonnega t ive  d e f i n l t 8  r q u a r e  r o o t  of K and K+12  l a  t h 8  Hoore-P8nroa8 inv8r se  o f  KI". r& 
matrix V is a n  wr m a t r i x ,  I: Is 8 x 8  and U i r  nxa and they  m a t  r a t l a f y  
V*V - I , R ( V )  is con ta in8d  i n  R ( K )  , U*U - I , t > o , UN* - L*K+L - H . 
Y Is an a r b i t r a r y  o x n  ma t r ix .  
--- P r o o f :  I t  Is wel l  known t h a t  i f  K = UWc 1s a f u l l  r a n t  r i v u l a r  v a l u e  decompor i t i on  (SVD), t hen  
,112 I unl/2w'  ,+I2 I vn+12u* 
and i t  follows t h a t  K ,  K"', K+12  a11 have t h e  r a m  raw. #pare  which i r  apanned by t h e  an a= 
column u n i t a r y  ma t r lx .  By t h e  h y p o t h e r i s  t h a t  t h e  rolumnr of L a r e  i n  t h e  rang. a p a c e  of K ,  e q u a t i o n  (25) I: 
s a t t s f l e d  I f  and on ly  i f  
columna of W .  
* +  (K'"Y + K + / ~ L ) * ( K ' / ~ Y  + K*/'L) - L K L - n 
. *  
which Is c o n s i s t e n t  I f  and o n l y  i f  L K L-H > 0. All m a t r i x  fartorr of t h l a  r e l a t i o n  a r e  
K ' 1 2 Y  + K*12L Vz1/2u* 
.t 
where UX' is t h e  f u l l  rank SVO of L K L-H and V Is any column u n i t a r y  ma t r ix  of a p p r o p r i a t e  d l o e n r i o n .  w m .  
f i n d  a r o l u c t o n  Y we must s o l v e  the f o l l o u i n ~  l i n e a r  e q u a t i o n  
t 
T h l r  eq l i a t lon  is r o n s l s t e n t  i f  and only i f  V i a  c o n t a i n e d  i n  t h e  range s p a r e  of K. S i n c e  V Is column 
r r n x e  s p a c e  of V my be any m d lmens iona l  s p a r e  wi th  rank s, s o l u t t o n s  of ( 1 8 )  a a i i t  if 
r ank(L  K L-M) - Y < t - rank(K). Given t h a t  e q u a t i o n  (28) Is c o n s i s t e n t  t h e n  Y 1s a rolution If and 
h a s  t h e  f o l l o w t n c  form 
. *  
y ~ + / 2 ( v z ' / ' u *  - K+/ZL) + (1 - K + / ~ K ~ / Z ) Y  
where T Is 3n a r b l c r a r y  mrn mat r ix .  
! 28 
u n i t a r y  :h 
and on ly  1 
o n l y  If 1 
The 
eq uat ton 
a m a t r t x  
r e a u l t s  of t h i s  theorem show t h a t  t h e  ma t r lx  L*K+L-t! is t h e  key to a o l u t l o n s  of t h e  q u a d r a t l r  matrl 
( 2 1 ) .  Subactt i i t tng f o r  K. L. H from e q u a t t o n s  ( 2 0 ) .  and u s i n g  t h e  r u l e r  f o r  t h e  Moore-Penrose i n v e r s e  o 
product ( 1 2 1 1 ) .  w e  f i n d  t h a t  
From t h l s  e q u a t i o n  we f i n d  an t n t e r e s t t n g  r e s u l c  on the ?toore-Penrosc lnverse of a q u n d r a t l c  form u h i c h  yc stat 
w t t h o u t  p roof .  
F a c t :  The Yoore-Penrone i n v e r s e  of t h e  q u a d r a c l c  form FTF* Is 
where  1 l a  a poelttve d e f l n l t e  a s t r l x  and F 1s Any m a t r i x  vh lch  is m u l t l p l l c a t l o n  compac tb le .  
Ualnb: t h l s  r e s u l t  and e q u a t i o n  ( 2 1 )  i n  (29 )  we f lnd  t h a t  
I1 
w h l r h  1s qti.lrdllteCd to he  nonneqaclve d e f t n t c e  ( [ I Z ] ) .  Thus t h e  f l r r t  p a r t  of t h e  c o n s t r a i n t  (26)  of t h e o r e r  
w l l l  always be s a t l a f t e d .  
To S I I U U  t h a t  the  second par t  of tlic. r o n s t r A l n t  ( 2 6 )  w i l l  also be q . i t l r f l e d  M n o t e  t h a t  from t'le r a n s e  sxr 
deer  r 1 p t  1 on ( I ,* ) , 
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r - rank(D ) rank(%) 
9 
and f r w  t h e  d e f l n i t l o n  of K (24). t h e  r e l a t l o n r  ( 2 1 )  and Che r o l r u n  dlmen Lon of f. 
t rank(K) - rank((  - F'P) - ( n u * l ) r  - rank(Eq-l) . 
Rohde 123) ha8 rhovn t h a t  t h e  p a r t l t l o n l n g  (20) of che nonnegat ive d e f l n i t e ' v t r l r  l a p l l e r  
q 
rank('lq) rank(5  ) + r a n k ( a  - 4 d D a ) 
q-1 qq q q-1 9 
and by ua ing  ( 3 1 )  
I rrnk(L'K+L - tl) - rank(6  ) - rrnk(Eq-l) . 
q 
(32)  
e 
( 3 3 )  
C o l l e c t i n g  equat lonr  (32) , (33)  and (30)  n f lnd  t h a t  a < t and t h e r e f o r r  chc recond p a r t  o f  t h e  c o n s t r a i n t  (26) 
i n  theorem 2 w i l l  a lways be r a t l a f l e d .  
We have e h m  t h a t  r o l u t l o n r  of (23),(2C) always exlet  and by theorem 2 they  vi11 have  t h e  form 
y K+lZ(v~l lZ"*  - K+/ZL) + (1  - K+/2K1/2)~  (36)  
where UZU* l a  t h e  f u l l  rank r l n g u l a r  va lue  dcconpor l t lon  of L K L-tl. V La any rolumn u n i t a r y  u t r l r  range 
apace 1s conta ined  i n  t h e  range apace of K and Y l a  a r b l t r a r y .  We obaerve t h a t  t h e  arcond term of (36)  1s i n  C k  
n u i l  apace  of K which 1s ala0  t h e  range r p a r e  of F* . I t  f o l l o v r  cha t  when (36)  l r  aubat lcu ted  i n t o  the 
e x p r a e s l o n  f o r  C* (22) t h a t  t h l r  cera w i l l  be a n n l h l l a t e d  by ( I - P * F )  v h l r h  r e p r e r e n t s  a p r o j e c t i o n  onto t h e  nul l  
s p a r e  of F along t h e  range space  of P* . The f l r s c  te rn  of (36) 1s In t h e  range apace of K, or tne n u l l  aparr of 
F. so t h a t  under t h e  p r o J e r t l o n  (I-F'P) l t  rennins  unchanged. 
* t  whoa. 
Therefore  C* beroclee 
C' - r l ( p * a g  t K t ' 2 ( ~ t 1 / 2 ~ *  - K + / ~ L ) )  
o r  by ua ln#  equat lon  (24)  and conjugate  t r a n r p o r l n g  
Equat ion  ( 3 7 )  Is an e x p l l r l c  e x p r e s s i o n  f o r  C whlrh was che o b ) e r t l v a  of t h l r  sectlon. A I 1  of che freed- i n  C 
1s concalned l n  t h e  rolumn u n l t s r y  Ratrlx V whore range s p a r e  is cons t ra ined  LO be In t h e  n u l l  rpare of F. 
6 .  ApplcaLiE-to  a Robot f lan lpula tor  
Cons ider  t h e  two degree  of f roedua  manipulator i l l u s t r a c e d  i n  Figure 1. The arm has its r e n t e r  of mass a t  
p o i n t  C. and i t  mey be c r a n s l a t e d  through o r  r o t a t e d  about  t h e  f ixed  poinc 0 by the f o r r e  F and t o r q u e  T. 
r r s p e r t i v e l y .  The n a n l p u l a ~ o r  c a r r i e s  a load a t  t h e  point  L. 
F igure  I .  Tvo Degree of Freedom % n l p u l a t o r  
Trea t in#  t h e  load as a p o l n c  mas9 and aIlowln# f o r  Joint s c l f f n e s s  and danplng.  the e q u a t l o n s  of w c l o n  arc 
3 5 1  
.. 
(a + Wr + be; + k r r  - (m + 3)r i2  - hi2 - I 
(J  + I Ma2 + 2Mar + (m + r O r 2 ) 9  + be; + keg + Z(m + y)rr i  + ZMar9 - T 
where  r 10 t h e  d i r t a n r e  from C to L. M l a  t h e  MUIS of t h e  l o d ,  J l r  t h e  .ocwnt of inertla of t h e  J o i n t ,  0 i r  tb 
u r r  of t h e  arm and I lr l t r  moment of iner t ia  about C. Joint  r t l f f n e r r  and damping are r ep resen ted  by kr, kg a j  
b r ,  be,  r e r p e c t l v e l y .  
.. .. 
I n t r o d u c l w  t h e  otate  v e c t o r  and t h e  control 
x - I r i e i I * ,  u - 1 C T  I' 
t h e n  t h e  e q u a t l o n r  of motion have t h e  g e n e r i c  form 
L - f(x) + g(r)u  . 
A b l l lnea r  d e l  of t h e  u n l p u l a t o r  can b. c o n r t r u c t e d  by m p a n d i q  e a c h  of t h e  funetlonr f ( . )  and g(.) lnto a 
power rerlrr and l n c r o d u c i q  a MU rtarr v e c t o r  uhlch contafiir higher o r d e r  t e r n  i n  z ( [4 I - l61 ) .  Ualng tk 
f l r o c  t h r e e  trmr of t h e  T a y l o r  rerler a p a n r i o n r  of e(.) and I(.) and letting 
t h e n  n have a 3Bth o r d e r  b l l l n e a r  mdrl and a f t e r  d l a c r e t l x a t l o n  i t  has r h s  form ( I ) .  
l o r  purporeg of l l l u a t r a r l o n ,  the f o l l w l n g  mn8rlcal v a l u e r  are chosen :  a - I m. m - 100 b. M - 50 kg, J - - 100 b - m  , and kr  - 6 N/m, kg - 2.5 N/8. br - 3 N-reclm, be - 5 N-rec/m. F i g u r e  2 r h w r  t h e  r tep  rrrpocru 
of t h e  n o n l i n e a r  e q u a t l o n r  of motion and t h e  f u l l  o r d e r  b l l l n e a r  d e l .  The b i l i n e a r  d e l  provide. a f a i r  
rpp ro* lma t lon  LO t h e  t r u e  n o n l i n e a r  . ymtn .  A more a c r u r a t a  approx ima t ton  cou ld  ba u C a  by r r t a l n l n g  higber 
o r d e r  t e m r  l n  t h e  pover r e r i e r  a p a n r l o n r .  
1 
0 z ,  
0 Q1 
I 
8 
0 1  
i 
I 
I 
0 
=;i 
A - r  
B - 9  
X - r  
Y - 0  
0 
01 
0' 
0 
08 
0' 
0 ,  
01 
0' 
(m) n o n l l n e a r  
( r a d )  n o n l i n e a r  
(m) b i l i n e a r  
Applylng t h e  model r e d u r t l o n  a l g o r t t t n  u l t h  q-3 ( l u t r h l w  t h r e e  sets  of Volterrd and r o v a r l a n r e  pa rame te r s )  
a r l a s s  of 3-Vol t e r r a  COVEKa vas o b t a l n e d .  There redured models have I 4  sraten u h l c h  11 a greater  t h a n  f l f t y  
p e r r t n t  r e d u r t l o n  l n  model o r d e r .  F i g u r e  3 r h w s  t h e  r e sponse  of a r edured  model froo t h e  rlarr of  3-Voltcrra 
COVElts and t h e  response of t h e  f u l l  o r d e r  d e l  t o  a u n l t  p u l s e  i n p u t  u l t h  a 3 second d u r a t t o n .  F i g u r e  6 -hen 
t h e  r e sponse  of t h e s  d e l .  d r l v e n  by a u n l t  l n c e n a l t y  C s u s s l a n  uhltc n o l r e  p roce ra .  I C  Flgure  3 we . # tha t  tbe 
r e sponnc  of  t h e  f u l l  and r edured  o r d e r  b l l l n e a r  models a r e  n e a r l y  l d e n t l r a l  t o r  t h e  f l r s t  10 scconda. S i n l l a r l y .  
i n  F lgu re  6 t h e  reduced o r d e r  model mlmlrr t h e  f u l l  o r d e r  d e l  l n l t l a l l y .  These o b a e r v a t t o n r  are I n  acco rdanre  
w i t h  the t h e o r y  uh lch  s ta ten char t h e  r e sponse  of t h e  reduced o r d e r  model equals t h a t  of  the f u l l  o r d e r  r y s t a  
f o r  q s t e p s  111 t h e .  However. In both rare. t h e  q u a l i t y  of t h e  r e rponre  of t h e  reduced o r d e r  d e l  d e t e r l o r a t -  
v t t h  ttne and i t  e v e n t u a l l y  qocs u n s t a b l e .  Thls l n s c a b t l l t y  la  lnpuc dependent  and poas lb ly  i n  a r l o r e d  loop 
s c t t l n g  t h e  model behav lo r  would be a c c e p t a b l e  f o r  greater  p e r t o d r  i n  time. 
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Figure I .  Storhastir Rerponsc of Full and Rcdured Order Bilinear Hodel. 
I .  ConrJ-ucions 
A sequcnrc of sets  of Voltcrra parameters charartcrlrcs the deterministir bilinear rystem.  and a sequence of 
sct r  of rovarlanrc parameters desrrlber the scorharttr bilinear system. A d e l  redurrlon terhnlquc was developed 
for dlsrrete bl1lne.r syrtems uhirh generaten a rlars of reduced order models uhlch cxart ly  matrh the first q 
s e t 9  of Voltcrra and rovarlsnrc parameterr of the full order d e l .  There models arc therefore ralled q-Volterra 
rovarlanre equlvalant reallrattons. or q-Voltcrra GJVER.. Methods to  choose sperifir models from u l t h l n  the 
rJas6 to  satlsfy addltlonal dcJllng ronrideratlons 1s a topir of future rrsearrh. 
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